CONTACT DEFORMATIONS OF CLOSED 
1-FORMS ON T2 bundles OVER S^ 



Hamidou Dathe and Philippe Rukimbira 

Abstract. If a closed 3-manifold M supports a closed, nonsingular, irrational 1- 
form which linearly deforms into contact forms, then M supports a K-contact form. 
On the 3-torus, a closed nonsingular 1-form deforms linearly into contact forms if 
and only if it is a fibration 1-form. On any other 2-dimensional torus bundle over 
the circle, every closed, nonsingular 1-form deforms linearly into contact forms. 



Introduction 

The main result of this paper, Theorem 4.1, is a complete classification of closed, 
nonsingular 1-forms using linear deformations into contact forms on T^ bundle over 
S^. We prove that every closed, nonsingular 1-form on a T^ bundle other than T'^, 
deforms linearly into contact forms. On T'^, a closed nonsingular 1-form deforms 
linearly into contact forms if and only if it is rational. 

The proof relies on several results, the most crucial of which are contained in 
Proposition 1.1, Proposition 3.1 and Theorem 3.1. 

All results cited in this paper have been paraphrased so as to fit our needs 
for clarity of presentation. We refer to their original publications for complete 
statements. 

1 Preliminaries 

A contact form on a 2n + 1-dimensional manifold M is a 1-form a such that 
a A da is a volume form on M. We call (M, a) a contact manifold. In the case 

Typeset by AjvlS-TW^ 



2 DATHE AND RUKIMBIRA 

where M is oriented, a positive contact form is a 1-form such that a A (rfa)" > 0. 
If a A {da)" > holds, we say that a is a positive confohation form. If a is 
a contact form, then the system of equations a{Z) = 1 and da{Z,X) = for 
arbitrary X, uniquely determines a vector field Z called the Reeb vector field, or 
the characteristic vector field of a. Using Seiberg-Witten theory, Taubes ([TAU]) 
has shown the following. 

Proposition 1.1. Suppose M is a closed 3 -dimensional orientahle manifold and 
a is a contact form on M. Then the Reeb vector field Z of a has at least 1 periodic 
orbit. 

The tangent subbundle ^ = Kern a of rank 2n is called the contact structure 
associated with a. If a is a confohation form, ^ = Kern a is called the confohation 
structure associated with a. In general, a contact structure on a 2n+ 1-dimensional 
manifold is a rank 2n tangent subbundle which is locally determined by contact 
forms (see Blair's book [BLA] for details about contact structures). The manifolds 
in this paper will be oriented and all the planes fields considered herein are supposed 
to be transversely orientable. 

Also, a contact manifold (M, a) with Rccb vector field Z admits a ricmannian 
metric g, called a contact metric, and a (1, 1) tensor field J such that the following 
relations holds ([BLA]). 

JZ = 0, a{Z) = 1, J2 = -/ + a (g) Z, a{X) = g{Z, X), 

g{JX, JY) = g{X, Y) - a{X)a{Y), g{X, JY) = da{X, Y). 

If the Reeb vector field Z is Killing relative to a contact metric g, then a is called 
a K-contact form. When all orbits of Z are periodic, the contact form is said to be 
quasi-regular. The following result about quasi-regular contact forms was obtained 
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in [RUK]. 

Proposition 1.2. Let {M,a) be a closed, contact manifold such that a is quasi- 
regular. Then a is a K- contact form. 

Another result about K-contact forms is taken from [RUl] . 

Proposition 1.3. No torus can carry a K-contact form. 

Let ^ a plane field on a manifold M . When ^ is a foliation, we say that ^ 
is deformable into contact structures if there exists a one parameter family of 
hyperplanes fields satisfying = ^ and, for all t > 0, is contact. In this paper, 
we deal with particular deformations called linear. For a foliation defined by a 
1-form ao, a deformation into contact structures defined by 1-forms at is said to 
be linear if = ao + ta where a is a 1-form (independent of t). 

2. Linear deformations into contact forms 

In ([DAI]), we studied linear deformations of closed nonsingular 1-forms and ob- 
served the fact that not any closed, nonsingular 1-form deforms linearly into contact 
forms. The following result was obtained as a characterization of those closed, non- 
singular 1-forms which admit linear deformations into contact forms. 

Proposition 2.1. On a closed 2n-\- 1-dimensional manifold with a closed, nonsin- 
gular 1-form ao, the family of 1-forms at = ao-\- ta is contact for allt>0 if and 
only if a is a contact form and ao{Z) = where Z is the Reeb vector field of a. 

Proposition 2.1 was later used by the authors in ([DA2]) to obtain a characteri- 
zation of bundles over S^. 

Proposition 2.2. A closed 3-dimensional manifold M is aT^ bundles over if 
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and only if it carries a nonsingular, closed 1-form that is linearly deformable into 
contact forms. 



3. ISOTOPY OF NONSINGULAR 1-FORMS 

Two forms oji and W2 on a manifold M are said to be isotopic if there exist a 

diffcomorphism isotopic to the identity such that LU2 = the pullback of LOi. 

The following result is due to Blank and Laudenback ([LAB]) 

Proposition 3.1. Suppose M is a closed 3- dimensional manifold and uji and L02 
are two cohomologous, closed, nonsingular 1-forms on M. Then wi and u)2 are 
isotopic. 

For contact forms, we prove the following isotopy result. 

Proposition 3.2. Suppose, on a closed, 2n+l- dimensional manifold with a closed, 
nonsingular 1-form ao, that the family of 1-forms at = ao -\- ta is contact for all 
t > 0. Then for each t > 0, ta and at are isotopic through diffeomorphisms 
preserving the Reeb foliation of a. 

Proof. Let fig = ctt — sa^. A direct calculation shows that /3s is contact for for all 
s. Notice that (3s and a* have the same Reeb field j. Moreover, (3q = at, Pi = ta 
and ^/3s = ao- Since (by Proposition 2.1) aQ{j) = and izdfig = 0, there is a 
unique infinitesimal isotopy Xg determined by the two equations: (3s{Xs) = and 
ix,d(3s = —ao- Denote by &s the isotopy generated by Xg. Since Oq/Jo = <^t and 
f^{e*Jg) = eULxJs + ao) = QliixJPs + ao) = 0, it follows that 

e:/3. = at 

for all s. So one obtains the identity at = = 6^(ta).That each Gg preserves 
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the Reeb foliation of a. follows from the fact that /J^ and ta share the same Reeb 
vector field y. □ 

A contact structure kern a on a 3-manifold M is said to be overtwisted (see 
[ELI]) if there exists an embedded disk D C M whose boundary dD is tangent to 
kern a but D itself is transversal to kern a along dD. A contact structure is said 
to be tight if it is not overtwisted. We will call a contact form a overtwisted or 
tight if its associated contact structure kern a is overtwisted or tight respectively. 
A codimension 1 foliation on a 3-manifold M is said to be taut if it is not the trivial 
foliation on x and admits a riemannian metric g for which all of its leaves are 
minimal surfaces. Foliations defined by closed, nonsingular 1-forms are taut. The 
following result can be found on page 50 in [ELT] . 

Proposition 3.3. On a dosed 3-dimensional manifold, contact structures, Cy- 
clase to a taut foliation, are tight. 

As a consequence of Proposition 3.3, one has the following: 

Proposition 3.4. Suppose, on a closed 3-dimensional manifold with a closed, non- 
singular 1-form Uq, that the family of 1-forms = ao + ta is contact for all t>Q. 
Then ta and at are tight contact forms for allt>0. 

Proof. For small t > 0, at are tight contact forms by Proposition 3.3. It follows 
from Proposition 3.2 that at and ta are tight contact forms for alH > 0. □ 

We also prove the following theorem. 

Theorem 3.1. Let M be a closed, 3-dimensional manifold with a closed, nonsin- 
gular irrational 1-form ao. If a* = ao + ta is a linear deformation of ao into 
contact forms, then a is a quasi-regular, tight K-contact form. 
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Proof. As in the proof of Proposition 3.2, for each t, let ps = ctt — sao and define 
Xs by fis{Xs) = and ix^dfis = — ao- Both Xg and the Reeb vector field Z oia are 
tangent to the foliation defined by ao and whose leaves are all dense in M. It also 
follows from the definitions that X^ and Z are pointwise linearly independent. Let 
L be a dense leaf of ao with a periodic Z orbit on it. Such a periodic orbit exists 
by Proposition 1.1. By Proposition 3.2, the isotopy Gg generated by Xg preserves 
the Reeb foliation defined by Z, therefore, all Z orbits on L are diffeomorphic, and 
hence periodic. Since L is a dense leaf, it follows that M contains a dense subset of 
Z-periodic points. Since the subset of all periodic points is closed in M, we deduce 
that all points in M are periodic. Prom Proposition 1.2, we conclude that a is a 
K-contact form. That a is tight follows from Proposition 3.4. □ 

The following corollary is an immediate consequence of Theorem 3.1 and Propo- 
sition 1.3. 

Corollary 3.1. On the 3-dimensional torus T^, no closed, nonsingular, irrational 
1-form deforms linearly into contact forms. 

4. Classification of linearly deformable 1-forms 

Motivated by Proposition 2.2, we observed in [DA2] that any nonsingular, closed, 
rational 1-form on a bundle over deforms linearly into contact forms. A 
complete classification of these bundle has been presented in [GEG]. Based on 
this classification, we complete the result in [DA2] as follows: 

Theorem 4.1. Let M be a closed 3-dimensional manifold which is a T'^-bundle 
over S^. Then we have the following: 

i) If the monodromy of M is not periodic, any closed non singular 1-form ao on 
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M is linearly deformable into contact forms. 

ii) If the monodromy of M is periodic, a closed non singular 1-form ao on M is 
linearly deformable into contact forms if and only if Kern ao defines a fibration of 
M. 

Proof. 

Let M be a T^- bundle over the circle and ao a closed nonsingular 1-form on 
M with monodromy matrix A e 5L2(Z). We consider 3 different cases: 

Case 1. The trace of A satisfies |tr(A)| > 3: The manifold M is a left quotient 
of Sol^, the solvable Lie group defined as a split extension of by R. The first 
Betti number of M is 1 and by Proposition 3.1, there exist a diffeomorphism of 
M isotopic to the identity of M such that (p*ao = aTr*dd, where a G R, tt is the 
T^-bundle map over S^, and d9 the volume form of S^. Following Dathe-Rukimbira 
([DA2]) a-K*d6 is linearly deformable into contact forms and so is its diffeomorphic 
image ao- 

Case 2. The trace of A satisfies Tr{A) = 2, M is then a left quotient of Nil^, the 
3-dimensional Heisenberg group. The manifold M is a non trivial S^-bundle over 
and its first Betti number is 2. The left invariant 1-forms are generated by the 
1-forms Wi, u)2, W3 such: cL;i = di02 = 0, dioz = —u)i A W2. By Proposition 3.1, the 
1-form ao is isotopic to acui + bu>2. The family of 1-forms at = auii + bu)2 + tu)3 is a 
linear deformation of aui + buj2 into contact forms. Since ao is diffeomorphic with 
auii + hjJ2, it is also linearly deformable into contact forms. 

Case 3. The matrix A is periodic: M is a compact left quotients of E2, the 
universal cover of the group of euclidian motions in the plane. There are 5 diffeo- 
morphism classes of such manifolds, only the 3-torus has first Betti number > 1. 
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Given that on a closed S-manifold with first Betti number equal to 1, any nonsingu- 
lar, closed 1-form deforms linearly into contact forms, case 3 is reduced to showing 
that a closed, nonsingular 1-form on deforms linearly into contact forms if and 
only it is a fibration 1-form. Prom ([DA2]), we know that if ao is rational, then it 
is linearly deformable into contact forms. Let now ao be an irrational, 1-form on 
T"^. Corollary 3.1 above says that ao doesn't deform linearly into contact forms, 
which completes the proof of Theorem 4.1. □ 
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